integers t and r as follows:
Define the class of arithmetical functions L S = {l(t) :
In 1993, Bourque and Ligh [3] evaluated the determinant of the n × n matrix [Ψ (x i , x j )] if the set S = {x 1 , . . . , x n } is factor-closed. In this paper we will evaluate the determinant of the n × n matrix [Ψ (x i , x j )], where S = {x 1 , . . . , x n } is gcd-closed and g ∈ L S or h ∈ L S . As applications, we evaluate the determinants of n×n matrices of the form [C(x i , x j )], where S = {x 1 , . . . , x n } is gcd-closed, and C(t, r) is Ramanujan's trigonometric sum. These results generalize Bourque and Ligh's results [3] . We also evaluate the determinant of n × n matrix 
Determinant of the matrix
In the present section, we evaluate the determinant of the n × n matrix Ψ (x i , x j ), where g ∈ L S or h ∈ L S and S = {x 1 , . . . , x n } is gcd-closed.
there exist n × n lower triangular matrices M and N with diagonal elements 1 and an n × n lower triangular matrix P with diagonal elements
Proof. Without loss of generality we may let 1 ≤ x 1 < . . . < x n . Let
where S is the minimal factor-closed set containing S (the factor closure of S).
Thus S = {y 1 , . . . , y m }. Let the n × m matrices A = (a ij ) and B = (b ij ) be defined as follows:
otherwise, and
Let {α 1 , . . . , α n } and {β 1 , . . . , β n } denote the systems of row vectors of A and B respectively. Let {γ 1 , . . . , γ n } and {δ 1 , . . . , δ n } denote the orthogonalization systems obtained from {α 1 , . . . , α n } and {β 1 , . . . , β n } respectively by using the Gram-Schmidt orthogonalization process (see [7] ), then we have (where β, β denotes the inner product)
. . .
Let M and N be the left matrices on the right-hand sides of equations (3) and (4) respectively. Then
It follows from (2) and (5) that
Since x 1 < . . . < x n , it is easy to see that
To complete the proof of Lemma 2, we need the following:
and for k ≥ 2, we have
Proof. Since the case h ∈ L S is similar to the case g ∈ L S , we only consider the latter. We argue by induction on k. Clearly Lemma 3 is true for γ 1 (since
Then α 2 , γ 1 = γ 1 , γ 1 . Therefore
So the assertion is true for γ 2 . Suppose that it is true for γ l , 1 
This completes the proof of the claim. Thus it follows from the induction hypothesis and the claim that
The proof of Lemma 3 is complete.
Now we continue to prove Lemma 2. Since g ∈ L S or h ∈ L S , it follows from Lemma 3 that r) . Thus the result follows immediately from Theorem 1.
Remark 2. If S = {1, . . . , n}, then Theorem 2 becomes Apostol's result [2] .
Proof. Ramanujan's trigonometric sum C(t, r) is defined by 
where F = f * g, and N = k/(t, k). 
Let g = h = ζ and substitute g * µ for f in Theorem 1. By Lemma 7, one has Ψ (x i , x j ) = g(x i , x j ). Thus it follows from Theorem 1 that
It then follows from (10) and (11) [4] . Bourque and Ligh [4] conjectured that the LCM matrix ([x i , x j ]) defined on a gcd-closed set S = {x 1 , . . . , x n } is nonsingular. We showed [5] that the Bourque-Ligh conjecture is true for a certain class of gcd-closed sets S = {x 1 , . . . , x n }. We proved [6] that the Bourque-Ligh conjecture is true if n ≤ 7, but not true if n ≥ 8. We believe that this result is true for general positive integer power LCM matrices. We conclude this paper by raising the following conjecture. From [6] , one knows that the above conjecture holds when m = 1. In fact, k(1) = 7. In a similar way to [6] , one can show that for any integer m ≥ 2, one has k(m) ≥ 7.
